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Abstract
In this paper we compute leading order correction due to small statistical fluctua-
tions around equilibrium, to the Cardy-Verlinde entropy formula (which is supposed
to be an entropy formula of conformal field theory in any dimension) of a Topological
Reissner-Nordstrom black hole in de Sitter space.
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1 Introduction
It is commonly believed that any valid theory of quantum gravity must necessary incor-
porate the Bekenestein-Hawking definition of black hole entropy [1, 2] into its conceptual
framework. However, the microscopic origin of this entropy remains an enigma for two
reasons. First of all although the various counting methods have pointed to the expected
semi-classical result, there is still a lack of recognition as to what degrees of freedom are
truly being counted. This ambiguity can be attributed to most of these methods being
based on dualities with simpler theories, thus obscuring the physical interpretation from
the perspective of the black hole in question. Secondly, the vast and varied number of
successful counting techniques only serve to cloud up an already fuzzy picture.
de Sitter/Conformal Field Theory correspondence (dS/CFT) may hold the key to its mi-
croscopical interpretation. Naively, we would expect dS/CFT correspondence to proceed
along the lines of Anti-de Sitter /Conformal Field Theory (AdS/CFT) correspondence
because de Sitter spacetime can be obtained from anti-de Sitter spacetime by analyti-
cally continuing the cosmological constant to imaginary values. However, local and global
properties of dS spacetime lead to unexpected obstructions. Unlike AdS, the boundary
of dS spacetime is spacelike and its dual CFT is Euclidean. Moreover, dS spacetime does
not admit a global timelike Kiling vector. The time dependence of the spacetime metric
precludes a consistent definition of energy and the use of Cardy formula to compute dS
entropy. Finally dS/CFT duality leads to boundary operators with complex conformal
weights, i.e. to a non-unitary CFT. In spite of these difficulties, some progress towards a
consistent definition of dS/CFT correspondence has been achieved [3]-[33]
There has been much recent interest in calculating the quantum corrections to SBH (the
Bekenestein-Hawking entropy) [34]-[70]. The leading-order correction is proportional to
lnSBH . There are, two distinct and separable sources for this logarithmic correction
[62, 66] (see also recent paper by Gour and Medved [70]). Firstly, there should be a
correction to the number of microstates that is a quantum correction to the microcanon-
ical entropy, secondly, as any black hole will typically exchange heat or matter with its
surrounding, there should also be a correction due to thermal fluctuations in the horizon
area. In this paper we consider Topological Reissner-Nordstrom black hole in de Sitter
space in arbitrary dimension. In section 2 we calculate the corresponding thermodynami-
cal quantities for both cosmological and black hole horizon. In section 3 at first we review
the calculation of the logarithmic correction due to the thermal fluctuation to the entropy,
then we obtain the corresponding correction to the Cardy-Verlind formula. Last section
contain a summary of paper.
2 Thermodynamical quantities of TRNdS black hole
The topological Reissner-Nordstro¨m dS black hole solution in (n+ 2)-dimensions has the
following form
ds2 = −f(r)dt2 + f(r)−1dr2 + r2γijdxidxj,
f(r) = k − ωnM
rn−1
+
nω2nQ
2
8(n− 1)r2n−2 −
r2
l2
, (1)
2
where
ωn =
16piG
nVol(Σ)
, φ = − n
4(n− 1)
ωnQ
rn−1
, (2)
where Q is the electric/magnetic charge of Maxwell field, M is assumed to be a positive
constant, l is the curvature radius of de Sitter space, γijdx
idxj denotes the line element of
an n-dimensional hypersurface Σk with the constant curvature n(n− 1)k and its volume
V (Σk). Σk is given by spherical (k = 1), flat (k = 0), hyperbolic (k = −1), φ is the
elctrostatic potential related to the charge Q. When k = 1, the metric Eq.(1) is just the
Reissner-Nordstro¨m-de Sitter solution. For general M and Q, the equation f(r) = 0 may
have four real roots. Three of them are real, the largest on is the cosmological horizon
rc, the smallest is the inner (Cauchy) horizon of black hole, the middle one is the outer
horizon r+ of the black hole. And the fourth is negative and has no physical meaning.
The case M = Q = 0 reduces to the de Sitter space with a cosmological horizon rc = l.
When k = 0 or k = −1, there is only one positive real root of f(r), and this locates the
position of cosmological horizon rc.
In the case of k = 0, γijdx
idxj is an n−dimensional Ricci flat hypersurface, when M =
Q = 0 the solution Eq.(1) goes to pure de Sitter space
ds2 =
r2
l2
dt2 − l
2
r2
dr2 + r2dx2n, (3)
in which r becomes a timelike coordinate.
When Q = 0, and M → −M the metric Eq.(1)is the TdS (Topological de Sitter) solution
[30], which have a cosmological horizon and a naked singularity.
In the BBM prescription [22], the gravitational mass, subtracted the anomalous Casimir
energy, of the TRNdS solution is
Ec = −M = −r
n−1
c
ωn
(
k − r
2
c
l2
+
nω2nQ
2
8(n− 1)r2n−2c
)
. (4)
The Hawking temperature T cTRNdS and entropy S
c
TRNdS associated with the cosmological
horizon are
T cTRNdS =
−f ′(rc)
4pi
=
1
4pirc
(
−(n− 1)k + (n + 1)r
2
c
l2
+
nω2nQ
2
8r2n−2c
)
,
ScTRNdS =
rncVol(Σ)
4G
, (5)
where Vc = r
n
c V ol(Σ) is area of the cosmological horizon. The AD mass of TRNdS solution
can be expressed in terms of black hole horizon radius r+ and charge Q,
Eb = M =
rn−1+
ωn
(
1− r
2
+
l2
+
nω2nQ
2
8(n− 1)r2n−2+
)
. (6)
The black hole horizon Hawking temperature T bTRNdS and entropy S
b
TRNdS are given by
T bTRNdS =
f ′(r+)
4pi
=
1
4pir+
(
(n− 1)− (n+ 1)r
2
+
l2
− nω
2
nQ
2
8r2n−2+
)
,
SbTRNdS =
rn+Vol(Σ)
4G
, (7)
3
where r = r+ is black hole horizon and V+ = r
n
+V ol(Σ) is area of it in (n+2)−dimensional
asymptotically dS space. Therefore, there are two kinds of temperatures corresponding
to two horizon, the system is not thermodynamically stable. However, the system should
be adiabatic since one can define the temperature in the vicinity of each horizon.
Making use of the fact that the metric for the boundary CFT can be determined only up
to a conformal factor, we rescale the boundary metric for the CFT to be of the following
form
ds2CFT = limr→∞
[
l2
r2
ds2n+2
]
= −dt2 + l2γijdxidxj . (8)
Then the thermodynamic relations between the boundary CFT and the bulk TRNdS are
given by
ECFT = M
l
r
, ΦCFT = Φ
l
r
,
TCFT = TTRNdS
l
r
, SCFT = STRNdS , (9)
The specific heat of the black hole is given by
Cc,b =
dEc,b
dT
=
4pir2c,+(8k(1− n)l2rn−2c,+ + 8(n + 1)rnc,+ + nω2nl2r−nc,+Q2)
ωn(8l2(n− 1)k + 8r2c,+(n + 1) + (1− 2n)l2ω2nr2−2nc,+ Q2)
. (10)
As one can see the above specific heat is positive in the case k = −1, k = 0, for k = 1,
Cc,b is positive only with following condition
8(n+ 1)rnc,+ + nω
2
nl
2r−nc,+Q
2 > 8k(1− n)l2rn−2c,+ (11)
3 Logarithmic correction to the entropy and Cardy-
Verlinde formula
At first we review the calculation of the logarithmic correction to the entropy (see the
paper by Das et al. [37]), the partition function in the canonical ensemble is given by
Z(β) =
∫
∞
0
ρ(E)e−βEdE , (12)
where T = 1/β is the temperature in units of the Boltzmann constant kB. The density of
states can be obtained from (12) by doing an inverse Laplace transform (keeping E fixed)
ρ(E) =
1
2pii
∫ c+i∞
c−i∞
Z(β)eβEdβ =
1
2pii
∫ c+i∞
c−i∞
eS(β)dβ , (13)
where
S(β) = lnZ(β) + βE (14)
is the exact entropy as a function of temperature, not just its value at equilibrium. The
complex integral can be performed by the method of steepest descent around the saddle
point β0(= 1/T0), such that S
′
0 := (∂S(β)/∂β)β=β0 = 0. T0 is the equilibrium temperature,
4
such that the usual equilibrium relation E = −(∂ lnZ(β)/∂β)β=β0 is obeyed. Expanding
S(β) around β = β0, we get
S = S0 +
1
2
(β − β0)2S ′′0 + · · · , (15)
Substituting (15) in (13) :
ρ(E) =
eS0√
2piS ′′0
. (16)
Note that the density of states ρ(E) and S ′′0 have dimensions of inverse energy and
energy squared respectively. Henceforth, we set the Boltzmann constant kB to unity. The
logarithm of the density of states ρ(E) is then the microcanonical entropy
S = ln ρ(E) = S0 − 1
2
lnS ′′0 + (higher order terms). (17)
Now, we will estimate S ′′0 , without assuming any specific form of S(β). From Eq.(14), it
follows that
S ′′(β) =
1
Z
(
∂2Z(β)
∂β2
)− 1
Z2
(
∂Z
∂β
)2 . (18)
This means that S ′′0 is nothing but the fluctuation squared of energy from the equilibrium,
i.e.,
S ′′0 =< E
2 > − < E >2 , (19)
where, by the definition of β0, E =< E >= −(∂ lnZ/∂β)β=β0. It immediately follows
that
S ′′0 = T
2C (20)
where C ≡ (∂E/∂T )T0 is the dimensionless specific heat. Substituting for S ′′0 from (20)
in (17), we get:
S = ln ρ = S0 − 1
2
ln
(
C T 2
)
+ · · · (21)
This equation can only be directly applied if the specific heat is non negative. Therefore
the entropy always has the logarithmic correction due to thermal fluctuation. To get
entropy as a logarithm of dimensionless quantity, we can multiply the density of state
with E which has the dimension of energy [59], then the correction to the entropy becomes
S = S0 + ln E√
CT 2
+ . . . (22)
we can set the scale E to be the temperature T of the system, this is because we have
temperature as the only available scale in canonical ensamble. Therefore we have
S = S0 − 1
2
lnC + . . . (23)
When r2c,+ ≫ l2, C ≃ nS0, in this case we have
S = S0 − 1
2
lnS0 + . . . (24)
5
It is now possible to drive the corresponding correction to Cardy-Verlinde formula. The
Casimir energy Ec, defined as
Ec,bC = (n+ 1)E
c,b − nT c,bSc,b − nφc,bQ, (25)
in this case, is found to be
Ec,bC =
−2nkrn−1c,+ V ol(Σ)
16piG
, (26)
which is valid for both cosmological and black hole horizon. One can see that the entropy
Eqs. (5,7) of the cosmological and black hole horizon can be written as
Sc,b =
2pil
n
√
|E
c,b
C
k
|(2(Ec,b − Ec,bq )−Ec,bC ), (27)
where
Ec,bq =
1
2
φc,bQ = − n
8(n− 1)
ωnQ
2
rn−1c,+
. (28)
For the present discussion, the total entropy is assumed to be of the form Eq.(24), where
the uncorrected entropy, S0 correspondence to that associated in Eqs. (5,7). It then
follows by employing Eqs.(4, 5,6,7) that the Casimir energy Eq.(25) can be expressed in
term of the uncorrected entropy. (Following expressions are valid for both cosmological
and black hole horizon, then for simplicity we omit the subscript c and b )
EC =
−2nrn−1c,+ Vol(Σ)
16piG
+
nT
2
LnS0, (29)
Then we obtain
2pil
n
√
|EC
k
|(2(E − Eq)− EC) ≃ S0 − (
r2c,+
kl2 + 1
)
pil2T
2rc,+
LnS0 (30)
In the limit where the correction is small, the coefficient of the logarithmic term on the
right-hand side of Eq.(30) can be expressed in terms of the energy and Casimir energies
E − Eq − Ec/2
Ec/2
=
−r2c,+
kl2
(31)
Using the following equation
(
r2c,+
kl2
+1)
pil2
2rc,+
((n + 1)E −Ec − 2nEq)ωn
4pirnc,+
= (1− Ec/2
E − Eq − Ec/2)
2nEq + Ec − (n + 1)E
4Ec
,
(32)
we may conclude, therefore that in the limit where the logarithmic corrections are sub-
dominant, Eq.(30) can be rewritten to express the entropy in terms of the energy, energy
of electromagnetic and Casimir energy.
S0 =
2pil
n
√
|Ec
k
|(2(E − Eq)−Ec) (33)
+
(2nEq + Ec − (n+ 1)E)
4Ec
(E −Eq −Ec)
E − Eq − Ec/2Ln(
2pil
n
√
|Ec
k
|(2(E −Eq)− Ec))
6
and consequently, the total entropy Eq.(24) to first order in the logarithmic term, is given
by
S ≃ 2pil
n
√
|Ec
k
|(2(E − Eq)− Ec) + Eq[(3n+ 1)E − 2nEq + (1− 2n)Ec] + E[nEc − (n+ 1)E]
4Ec(E −Eq −Ec/2)
Ln

2pil
n
√
|Ec
k
|(2(E − Eq)− Ec)

 (34)
Therefore taking into account thermal fluctuations defines yhe logarithmic corrections to
both cosmological and black hole entropies. As a result the Cardy-Verlinde formula receive
logarithmic corrections in our interest TRNdS black hole background in any dimension,
in the way similar to the Cardy-Verlinde formula for the SAdS and SdS black holes in
5-dimension [69, 71]
4 Conclusion
For a large class of black hole, the Bekenstein-Hawking entropy formula receives additive
logarithmic corrections due to thermal fluctuations. On the basis of general thermody-
namic arguments, Das et al [37] deduced that the black hole entropy can be expressed as
the Eq.(21). In this paper we have analyzed this correction of the entropy of TRNdS black
hole in any dimension in the light of dS/CFT. We have obtain the logarithmic correction
to both cosmological and black hole entropies. Then using the form of the logarithmic
correction Eq.(24) we have drived the corresponding correction to the Cardy-Verlinde for-
mula which relates the entropy of a certain CFT to its total energy and Casimir energy
in arbitrary dimension.
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